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ABSTRACT
We solve the two-dimensional magnetohydrodynamic (MHD) equations of black hole
accretion with the presence of magnetic field. The field includes a turbulent compo-
nent, whose role is represented by the viscosity, and a large-scale ordered component.
The latter is further assumed to be evenly symmetric with the equatorial plane. The
equations are solved in the r − θ plane of a spherical coordinate by assuming time-
steady and radially self-similar. An inflow-wind solution is found. Around the equato-
rial plane, the gas is inflowing; while above and below the equatorial plane at a certain
critical θ angle, θ ∼ 47◦, the inflow changes its direction of radial motion and becomes
wind. The driving forces are analyzed and found to be the centrifugal force and the
gradient of gas and magnetic pressure. The properties of wind are also calculated.
The specific angular momentum of wind is found to be significantly larger than that
of inflow, thus wind can transfer angular momentum outward. These analytical results
are compared to those obtained by the trajectory analysis based on MHD numerical
simulation data and good agreements are found.
Key words: accretion, accretion discs – black hole physics – hydrodynamics.
1 INTRODUCTION
Black hole accretion models can be divided into hot and cold
types according to the temperature of the accretion flow.
Since the pioneer work of Narayan & Yi (1994) (see also
Ichimaru 1977; Rees et al. 1982), intensive studies have been
performed on black hole hot accretion flows. It is now known
that hot accretion flow is very common in the universe, rang-
ing from low-luminosity active galactic nuclei (LLAGNs),
which is the majority of nearby galaxies, to the quiescent and
hard states of black hole X-ray binaries. Yuan & Narayan
(2014) have recently reviewed our current understanding of
hot accretion flows, including its one-dimensional and multi-
dimensional dynamics, jet formation, radiation, and various
astrophysical applications.
One of the most interesting topics in recent years in
this field is wind (also often called outflow). Wind is not
only a fundamental aspect of accretion flow, but also plays
an important role in AGN feedback, since wind can sup-
press the star formation and black hole growth effectively
(e.g., Ostriker et al. 2010). The study of wind was initi-
ated by the hydrodynamical and MHD numerical simula-
tions of accretion flows (Stone, Pringle & Begelman 1999;
Igumenshchev & Abramowicz 1999, 2000; Stone & Pringle
⋆ E-mail: fyuan@shao.ac.cn (FY)
2001). These simulations found that in contrast to our
original picture, the mass accretion rate decreases with
decreasing radius (see review in Yuan et al. 2012b).
To explain such an astonishing result, two models have
been proposed, namely convection-dominated accretion
flow (CDAF; Narayan et al. 2000; Quataert & Gruzinov
2000) and adiabatic inflow-outflow solution (ADIOS;
Blandford & Begelman 1999). By comparing the properties
of inflow and outflow and studying the convective stabil-
ity of MHD accretion flow, Yuan et al. (2012a; see also
Li, Ostriker & Sunyaev 2013) show that strong wind must
exist and it is the wind rather than convection that results
in the inward decrease of accretion rate1. Most recently,
based on MHD simulation data, Yuan et al. (2015) have
convincingly show the existence of strong wind by obtain-
ing the trajectory of the virtual test particles based on 3D
GRMHD simulation data of black hole accretion2. More-
over, the driving forces of wind have also been analyzed
and the detailed properties of winds have been calculated,
1 Narayan et al. (2012) also studied the outflow in hot accretion
flow. While they also find the existence of wind, their wind is
much weaker than that found by Yuan et al. 2012a. The reason
for the discrepancy was analyzed in Yuan et al. (2015).
2 Bu et al. (2013) show that the wind becomes much weaker if
the angular momentum of the accretion flow is very low.
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such as the mass flux, angular distribution, terminal velocity,
and fluxes of energy and momentum. The theoretical study
on the existence of strong wind has been confirmed by the
detection of emission lines from the accretion flow around
the supermassive black hole in the Galactic center, Sgr A*
(Wang et al. 2013). As an application of the accretion wind
theory, more recently, the formation of the Fermi bubbles
detected by the Fermi telescope in the Galaxy has been
successfully explained by the interaction of wind launched
from the accretion flow around Sgr A* and the interstellar
medium (Mou et al. 2014; 2015). Compared to other theo-
retical models of the Fermi bubbles, this “accretion-wind”
model has two advantages. One is that the parameters of
wind adopted in the model are taken from the MHD simula-
tion of accretion flow. The second one is that the model can
explain the new observational results obtained by Suzaku
and Chandra which are in conflict with the predictions of
other models.
Almost all of the above-mentioned theoretical works on
wind are numerical. Compared to numerical simulations,
analytical study has its advantage of more clearly reveal-
ing some underlying physics. In this paper, using analytical
method, we solve the axisymmetric steady solution of hot ac-
cretion flow with the presence of magnetic field. Self-similar
assumption is adopted as in many previous works. Special
attention is paid to whether the winds exist in the solution
and what are their driving mechanisms if they exist. The
aim is to compare with the numerical results presented in
Yuan et al. (2015) thus to improve our understanding of nu-
merical studies.
There have been many analytical works based
on the self-similar assumption. In the one-dimensional
works, the existence of wind is often an assumption
(e.g. Blandford & Begelman 1999; Akizuki & Fukue 2006;
Abbassi et al. 2008; Zhang & Dai 2008; Bu et al. 2009).
Winds have been found in some two-dimensional solu-
tions (e.g. Xu & Chen 1997; Blandford & Begelman 2004;
Xue & Wang 2005; Tanaka & Menou 2006; Jiao & Wu
2011; Mosallanezhad et al. 2014; Gu 2015; Samadi & Ab-
bassi 2016 ) but not all (e.g., Narayan & Yi 1995 and ref-
erences therein). In all these works magnetic field is not in-
cluded. It is well known that magnetic field must be present
and even plays an important role in the dynamics of accre-
tion flow, such as the angular momentum transfer by MRI
(Balbus & Hawley 1998), the convective stability of accre-
tion flow, which is related with the wind production (Yuan
et al. 2012a; Narayan et al. 2012), and the driving mecha-
nism of winds (Yuan et al. 2015). So it is useful to solve the
accretion solutions by including magnetic field. This is the
aim of the present paper.
The organization of the paper is as follows. In §2, the
basic MHD equations and assumptions are given. The nu-
merical solutions of the equations are described in §3. The
results are summarized in §4.
2 BASIC MHD EQUATIONS
The basic MHD equations describing accretion flows read:
dρ
dt
+ ρ∇ · v = 0, (1)
ρ
dv
dt
= −ρ∇Ψ−∇p+∇ ·T+ 1
c
(J×B) , (2)
ρ
de
dt
− p
ρ
dρ
dt
= fQ+, (3)
∂B
∂t
= ∇×
(
v ×B− 4pi
c
ηJ
)
, (4)
∇ ·B = 0. (5)
In the above equations, ρ, v, p, e,T,B and η denote the den-
sity, velocity, gas pressure, gas internal energy, viscous stress
tensor, magnetic field, and magnetic diffusivity, respectively.
We adopt an equation of state of ideal gas, p = (γ − 1)ρe,
where γ is the specific heat ratio. A spherical coordinate
(r, θ, φ) is adopted in the present work. Ψ(= −GM/r) is
the Newtonian gravitational potential, where M is the mass
of the central black hole, G is the gravitational constant.
J ≡ c/4pi(∇ × B) is the electric current. We must include
this dissipation term in eq. (4), because otherwise we can’t
obtain the steady solution due to the accumulation of mag-
netic flux in the accretion. Q+ is the heating rate. f is the
advection factor describing the fraction of the heating en-
ergy which is stored in the gas and advected into the black
hole. In this paper, we set f = 1. The heating rate Q+ can
be decomposed into two components,
Q+ = Qvis +Qres, (6)
with Qvis and Qres denoting the viscous heating and the
magnetic field dissipation heating, respectively. Following
Stone et al. (1999), we assume that the only non-zero com-
ponent of the viscous tensor T is the azimuthal component,
Trφ = ρνr
∂(vφ/r)
∂r
, (7)
where ν is the kinematic viscosity. The viscous heating and
the magnetic field dissipation heating can be described as,
Qvis = Trφr
∂
∂r
(vφ
r
)
, (8)
Qres =
4pi
c2
ηJ2. (9)
We adopt the usual α description of viscosity ν = αp/(ρΩK),
where ΩK = (GM/r
3)1/2 is the Keplerian angular velocity.
In order to satisfy the radial self-similar condition we assume
the magnetic diffusivity η = η0p/(ρΩK).
Following the suggestion from numerical MHD simu-
lations, we decompose the magnetic field into a large-scale
component and a turbulent component. Both of them can
transfer the angular momentum and can be dissipated and
produce heat. The magnetic field B in equations (2), (4) and
(5) corresponds to the former. We describe the effects of the
turbulent component of the magnetic field in transferring the
angular momentum and in dissipating the energy through
the usual α description. Specifically, the viscous force ∇ ·T
in equation (2) represents angular momentum transfer by
the turbulent magnetic field; the viscous heating rate Qvis
in equation (6) is correspondingly associated with the tur-
bulent component of the magnetic field.
We assume that the large-scale magnetic field is evenly
c© 2002 RAS, MNRAS 000, 1–??
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symmetric about the equatorial plane (see Figure 1 for the
poloidal configuration of the magnetic field). This kind of
symmetry is widely adopted in the studies of accretion
disks (e.g. Blandford & Payne 1982; Lovelace et al. 1994;
Cao 2011; Li & Begelman 2014)3. Thus we have,
Br(r, θ) = −Br(r, pi − θ), (10)
Bθ(r, θ) = +Bθ(r, pi − θ), (11)
Bφ(r, θ) = −Bφ(r, pi − θ), (12)
A toroidal component of the magnetic field is generated due
to the shear of the accretion flow. Therefore the radial and
the toroidal components of the magnetic field should have
opposite sign. In this paper, we only focus on the region
above the equatorial plane, we set the radial component of
themagnetic field to be positive (Br > 0). Therefore, the
toroidal component of the magnetic field generated by shear
is negative (Bφ < 0).
We solve for the steady state, axisymmetric (∂/∂t =
∂/∂φ = 0) solutions of eqs. 1-5. The continuity equation
can be rewritten as:
1
r2
∂
∂r
(
r2ρvr
)
+
1
r sin θ
∂
∂θ
(sin θρvθ) = 0, (13)
The momentum equation (2) reads:
ρ
[
vr
∂vr
∂r
+
vθ
r
(
∂vr
∂θ
− vθ
)
− v
2
φ
r
]
= −ρGM∗
r2
− ∂p
∂r
+
1
4pi
(JθBφ − JφBθ) , (14)
ρ
[
vr
∂vθ
∂r
+
vθ
r
(
∂vθ
∂θ
+ vr
)
− v
2
φ
r
cot θ
]
= −1
r
∂p
∂θ
+
1
4pi
(JφBr − JrBφ) , (15)
ρ
[
vr
∂vφ
∂r
+
vθ
r
∂vφ
∂θ
+
vφ
r
(vr + vθ cot θ)
]
=
1
r3
∂
∂r
(
r3Trφ
)
+
1
4pi
(JrBθ − JθBr) , (16)
where the current (J) reads:
Jr =
1
r sin θ
∂
∂θ
(Bφ sin θ) , (17)
Jθ = −1
r
∂
∂r
(rBφ) , (18)
Jφ =
1
r
[
∂
∂r
(rBθ)− ∂Br
∂θ
]
. (19)
The equation of energy is expressed as:
ρ
(
vr
∂e
∂r
+
vθ
r
∂e
∂θ
)
− p
ρ
(
vr
∂ρ
∂r
+
vθ
r
∂ρ
∂θ
)
=
f
(
Trφr
∂
∂r
(vφ
r
)
+
η
4pi
(
J2r + J
2
θ + J
2
φ
))
. (20)
3 Shahram Abassi’s group is working on the case of an oddly
symmetric magnetic field at the same time with us.
The three components of induction equation (4) can be ex-
pressed as:
∂Br
∂t
=
∂
∂θ
[r sin θ (vrBθ − vθBr − ηJφ)] , (21)
∂Bθ
∂t
=
∂
∂r
[r sin θ (vrBθ − vθBr − ηJφ)] , (22)
∂Bφ
∂t
=
∂
∂r
(rvφBr − rvrBφ)+ ∂
∂θ
(vφBθ − vθBφ)+ ∂
∂θ
(ηJr)
− ∂
∂r
(rηJθ) . (23)
For a steady state, the right hand side of equations
(21), (22) and (23) has to be equal to zero. So we have
r sin θ (vrBθ − vθBr − ηJφ) = 0 or a constant. In this pa-
per, we assume it is equal to zero:
r sin θ (vrBθ − vθBr − ηJφ) = 0. (24)
Finally, the divergence-free equation (5) can be written as,
1
r2
∂
∂r
(
r2Br
)
+
1
r sin θ
∂
∂θ
(sin θBθ) = 0. (25)
Similar to previous works (e.g., Narayan & Yi 1995;
Xue & Wang 2005; Jiao & Wu 2011), we seek the radially
self-similar solutions in the following forms:
ρ(r, θ) = ρ(θ)r−n, (26)
vr(r, θ) =
√
GM
r
vr(θ) = rΩK(r)vr(θ), (27)
vθ(r, θ) = rΩK(r)vθ(θ), (28)
vφ(r, θ) = rΩK(r)vφ(θ), (29)
p(r, θ) = p(θ)GMr−n−1, (30)
Br(r, θ) = br(θ)
√
GMr−(n/2)−(1/2), (31)
Bθ(r, θ) = bθ(θ)
√
GMr−(n/2)−(1/2), (32)
Bφ(r, θ) = bφ(θ)
√
GMr−(n/2)−(1/2). (33)
Using the above self-similar assumptions, equations
(13)-(16), (20), (23)-(25) can be written as,
vθ
d ln ρ
dθ
+
(
3
2
− n
)
vr + vθ cot θ +
dvθ
dθ
= 0, (34)
ρ
[
−1
2
v2r + vθ
dvr
dθ
− v2θ − v2φ
]
= −ρ+ (n+ 1)p
+
1
4pi
(jθbφ − jφbθ) , (35)
ρ
[
1
2
vrvθ + vθ
dvθ
dθ
− v2φ cot θ
]
= −dp
dθ
+
1
4pi
(jφbr − jrbφ) , (36)
ρ
[
1
2
vrvφ + vθ
dvφ
dθ
+ vθvφ cot θ
]
=
3
2
α(n− 2)pvφ
+
1
4pi
(jrbθ − jθbr) , (37)
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Figure 1. Solid lines represent the magnetic field line. Colors show the logarithm angular velocity (vφ/r). It is clear that moving along
the magnetic field lines starting from the equatorial plane, the angular velocity decreases. Therefore, if we assume that Br above the
equatorial plane is positive, shear of the flow will produce a negative Bφ.
(nγ − n− 1)vrp+ vθ dp
dθ
− γpvθ d ln ρ
dθ
=
f (γ − 1)
(
9
4
αpv2φ +
η
4pi
(
j2r + j
2
θ + j
2
φ
))
, (38)
n
2
(vrbφ − vφbr + ηjθ) + vφ dbθ
dθ
+ bθ
dvφ
dθ
− vθ dbφ
dθ
− bφ dvθ
dθ
+ η
djr
dθ
+ jr
dη
dθ
= 0, (39)
dbθ
dθ
− 1
2
(n− 3)br + bθ cot θ = 0. (40)
where
η = η0
p
ρ
, (41)
jr =
dbφ
dθ
+ bφ cot θ, (42)
jθ =
1
2
(n− 1)bφ, (43)
jφ =
1
η
(vrbθ − vθbr) . (44)
Equations (34)-(40) are differential equations for eight vari-
ables: vr(θ), vθ(θ), vφ(θ), ρ(θ), p(θ), br(θ), bθ(θ) and bφ(θ).
In this paper, we assume the accretion flow is evenly sym-
metric about the equatorial plane, then ρ(θ) = ρ(pi − θ),
p(θ) = p(pi − θ), vr(θ) = vr(pi − θ), vφ(θ) = vφ(pi − θ) and
vθ(θ) = −vθ(pi − θ). At the equatorial plane, we have by
symmetry:
θ =
pi
2
: br = vθ =
dvr
dθ
=
dvφ
dθ
=
dρ
dθ
=
dp
dθ
=
dbθ
dθ
=
dbφ
dθ
= 0.
(45)
We set the density at the equatorial plane ρ(pi/2) = 1. Under
the above boundary conditions, equations (34)-(40) can be
simplified into the following equations,
dvθ
dθ
=
(
n− 3
2
)
vr, (46)
1
2
v2r +v
2
φ+(n+ 1) p+
1
4pi
(
1
2
(n− 1) b2φ + vrb
2
θ
η0p
)
= 0, (47)
vr = 3α (n− 2) p, (48)
(nγ − n− 1) vr = f (γ − 1)×[
9
4
αv2φ +
η0
4pi
((
1
2
(n− 1) bφ
)2
+
(
vrbθ
η0p
)2)]
. (49)
At the equatorial plane, we set the ratio of the magnetic
pressure to the gas pressure as,
βθ0 =
b2θ
8pipg
∣∣∣∣
π/2
, (50)
βφ0 =
b2φ
8pipg
∣∣∣∣
π/2
. (51)
In principle, to solve eqs. (34)-(40), in addition to the
boundary condition at θ = 90◦, we should also supply the
boundary condition at the rotation axis, i.e., θ = 0◦. Math-
ematically, this is a two-point boundary problem and it will
assure that we have a well-behaved solution in the whole
r−θ space. We have tried to obtain such solutions but failed.
Therefore, we only require the solution satisfying the bound-
ary condition at θ = 90◦. As we will explain in the next
section, we think the solution obtained in this way should
still be physically meaningful.
c© 2002 RAS, MNRAS 000, 1–??
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Figure 2. Angular profile of a variety of variables. The up-left plot shows that the radial velocity changes its sign at θ ∼ 47◦.
3 RESULTS
We solve the above equations (34)-(40) numerically. We in-
tegrate these equations from the equatorial plane (θ = 90◦)
towards the rotational axis (θ = 0◦). We adopt the values of
βθ0 and βφ0 with reference to the numerical simulation data
of Yuan et al. (2012a), but our results are not sensitive to
the exact values. As we have explained before, the toroidal
component of the magnetic field, which is produced by shear,
should be negative. We do find that the toroidal component
is negative at the beginning of integration. But at a certain
critical value of θ, denoted as θB , we find that it begins to
change its sign. At the region of θ < θB , the toroidal compo-
nent of the magnetic field becomes positive thus the solution
is no longer physical so we stop our integration at θB . We
think our solution in the region of θB < θ < 90
◦ is still phys-
ical4. This is because, on the one hand, the solution satisfies
the equations and the boundary conditions at θ = 90◦. On
the other hand, the values of all physical quantities of the
accretion flow at θ = θB are physical. Therefore, we can
reasonably treat these values as boundary conditions at θB .
In fact, as we will describe below, the main properties of
the solutions we obtain in this way are in good agreement
4 The two-dimensional solution obtained by Jiao & Wu (2011) is
similar in the sense that they also have to stop their integration
at a certain θ > 0◦.
with those obtained in Yuan et al. (2015) from numerical
simulations.
From the bottom-right plot of Figure 2, it seems that
there is a sonic point for vθ/cs and the integration stops
when the sonic point is approached because of the singular-
ity there. This is not true. This is because, the value of vθ
must be equal to zero at the pole because of the axisymmet-
ric boundary condition there. Therefore, vθ/cs should not
pass through a sonic point. We note that Jiao & Wu (2011)
obtained a similar result with us, i.e., their solution also has
to stop at a certain θ angle. An interesting explanation for
such a “truncation” is given in their work.
3.1 Overall inflow-wind structure of the solutions
Figure 1 shows the poloidal magnetic field configuration.
We emphasize that while the even symmetry of the field
is our assumption, the strength of the field is obtained by
solving equations (34)-(40). Above the equatorial plane, the
radial component of the magnetic field is positive (pointing
to large radii). So the toroidal component of the magnetic
field, which is produced by shear, is negative. We find that
such kind of magnetic field configuration is similar to the
time-averaged field configuration in MHD numerical simu-
lation in Yuan et al. (2012a) and Yuan et al. (2015).
Figure 2 presents the angular profiles of four quantities.
The parameters we adopt are α = η0 = 0.1, γ = 5/3, βθ0 =
2 × 10−4, βφ0 = 2 × 10−3, n = 0.85 and f = 1. From the
c© 2002 RAS, MNRAS 000, 1–??
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Figure 3. Stream lines of the accretion flow, showing the inflow-wind structure. The length of arrows indicates the absolute value of
~vr + ~vθ .
equatorial plane to the rotation axis, the density and pres-
sure decrease, while vr and vφ increase. This is consistent
with that in Jiao & Wu (2011). The value of vθ is negative
and its absolute value increases towards the pole. The Mach
number vθ/cs increases towards the pole, this is also con-
sistent with that found in Jiao & Wu (2011). However, we
note that beyond θB, vθ have to decrease towards the pole
and eventually become zero at pole due to the boundary
condition there.
In the region of 47◦ < θ < 90◦, the radial velocity is
negative. This is the inflow region. At the region of θ < 47◦,
the radial velocity becomes positive, i.e., wind is evident.
Figure 3 shows the steam line of the flow. This result is fully
consistent with the results obtained in Yuan et al. (2015;
see also Narayan et al. 2012; Sadowski et al. 2013). In those
works, they also found that inflow is present around the
equatorial plane of the accretion flow while wind is present
in the polar region. The boundary between inflow and wind
obtained in the present paper is even quantitatively similar
to that obtained in Yuan et al. (2015). In both cases the
boundary is located at about θ ∼ 50◦ − 60◦.
3.2 Angular momentum transfer by wind
The up-right panel of Figure 2 shows the rotation velocity
of the accretion flow. We find that it significantly increases
from the equatorial plane to the rotation axis, which sug-
gests that the specific angular momentum of wind may be
larger than that of inflow. To examine this point in more
detail, we have calculated the mass flux-weighted specific
angular momentum of both the wind and inflow (see Eqs. 8
& 9 in Yuan et al. (2012a) for the details of calculation). In
unit of the Keplerian angular momentum lK , the mass-flux
weighted angular momentum of wind and inflow is found to
be
lwind = 0.67lK , linflow = 0.59lK , (52)
respectively. This result means that wind can transfer the
angular momentum of the accretion flow. This result is again
consistent with the numerical simulation result presented in
Yuan et al. (2012a).
To compare the efficiency of angular momentum trans-
fer by outflow and by viscosity, we calculate the angular
momentum flux transported by outflow and viscosity as fol-
lows
FLout = 2pir
2
∫ π/2
θB
ρmax(vr, 0)(rvφ) sin θdθ, (53)
FLvis = 2pir
2
∫ π/2
θB
rTrφ sin θdθ. (54)
We find
FLout
FLvis
= 0.26. (55)
This means outflows do play an important role in transfer-
ring angular momentum.
c© 2002 RAS, MNRAS 000, 1–??
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Figure 4. The force analysis at the wind region to show the driving mechanism of wind. The length of the arrows schematically denotes
the magnitude of the forces while the direction for the direction of forces. Fg: graviational force; Fc: centrifugal force; Ftotal: the total
force.
3.3 Poloidal speed of wind
We have also calculated the mass flux-weighted poloidal
speed vp(≡
√
v2r + v
2
θ) of winds when they are just launched.
The result is
vp(r) = 0.18 vK(r), (56)
where vK is the Keplerian velocity. This is consistent with
that obtained in Yuan et al. (2015), where they found that
vp ≈ 0.2vK(r).
3.4 Bernoulli parameter and terminal velocity of
wind
The Bernoulli parameter is defined as
Be(r) =
v2
2
+
γp
(γ − 1)ρ −
GM
r
. (57)
The first, second and the third terms on the right-hand side
of the equation correspond to the kinetic energy, enthalpy
and gravitational energy, respectively. We have calculated
the mass flux-weighted Bernoulli parameter of the wind and
obtained
Be(r) = 0.11 v2K(r). (58)
The value of Be is positive, which means that the gas has
enough energy to overcome the gravitational potential, to
do work to its surroundings, and to escape to infinity. As
a comparison, the numerical simulation result obtained in
Yuan et al. (2012a; eq. 19) is that Be(r)/v2K(r) ≈ (0.1−0.2).
So the present result is again in good agreement with that
obtained by numerical simulations5.
Now, as in Yuan et al. (2012a), we try to estimate the
terminal poloidal velocity of wind based on Be(r). To do
this, we assume that, once launched, the viscous stress in
the wind can be ignored and Be(r) is conserved. When r is
large enough, the last two terms in Equation (57) vanish. If
the angular momentum is conserved (the wind is inviscid),
the rotational velocity is zero at large radius, so the termi-
nal velocity is mainly the polodial velocity. Therefore the
terminal velocity is
vp,term ≈ vp ≈
√
2Be(r) (59)
Combing with eq. (58), we have
vp,term ≈ 0.47 vK(r). (60)
So the terminal poloidal velocity of wind originating from
radius r is about half of the Keplerian velocity at their ori-
gin. As a comparison, Yuan et al. (2012a) find vp,term(r) ≈
0.5vK(r) while Yuan et al. (2015) find vp,term(r) ∼ (0.2 −
0.4)vK(r).
5 Yuan et al. (2015) find that Be(r) is roughly constant of radius;
but note that the constant Be is along the trajectories of test
particles.
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3.5 Analysis of forces driving the wind
To study the driving mechanisms of wind, we have calculated
the forces at the wind region. Figure 4 shows the result. We
can see from the figure that the dominant driving forces
are the centrifugal force, the gradient of the gas pressure
and the magnetic pressure. The strength of the three forces
are comparable. This result is again fully consistent with
that found in Yuan et al. (2015), although here we have an
ordered large-scale magnetic field while the field in Yuan
et al. (2015) is tangled. Jiao & Wu (2011) found that the
driving forces are the gas pressure gradient and centrifugal
force because they do not include magnetic field in their
model. Compared to the Blandford & Payne (1982) model, it
is similar in the sense that the centrifugal force is important;
the difference is that here the gas pressure and magnetic
pressure gradient forces play an equally important role in
driving the winds.
4 SUMMARY AND DISCUSSION
In this paper, we have solved the two-dimensional MHD so-
lution of black hole accretion, with the inclusion of an evenly
symmetric magnetic field (Fig. 1). The steady state and self-
similar assumption in the radial direction are adopted to
simplify the calculation. One caveat in our solution is that
we fail to obtain the solution in the full r − θ space. Our
integration starts from the equatorial plane but stops at a
certain θB angle since the solution becomes unphysical be-
yond that angle. But we believe that the solution obtained
is still physical since all the physical quantities from θ = 90◦
to θB are physical.
An inflow-outflow solution is found. Around the equa-
torial plane, it is the inflow. Above and below the equatorial
plane beyond a certain θ angle, it is outflow (wind) (Fig. 3).
This structure is same as that obtained in previous numeri-
cal simulation works (e.g., Yuan et al. 2012; Narayan et al.
2012; Sadowski et al. 2013; Yuan et al. 2015). We have also
calculated some properties of winds and found good consis-
tency with those obtained in Yuan et al. (2015) and Yuan
et al. (2012), which are based on the MHD numerical simu-
lation results. For example, we find that the specific angular
momentum of wind is larger than that of inflow thus wind
can effectively transfer angular momentum; the poloidal ve-
locity of wind at both their origin and infinity calculated
in the present analytical work is also quite similar to those
obtained by numerical simulations. At last, the driving force
of wind is analyzed and found to be the sum of centrifugal
force, gradient of gas and magnetic pressure. This is again
consistent with the results obtained in Yuan et al. (2015).
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